Lecture 51

Line integral: Any integral which is evaluated along a curve is called a line integral.

Let 7(t) = x(t)i + y(t) ] + z(t) k be the given equation of the curve C, joining the two
points A at t = t; and B at t = t5. Suppose F(:z: y,z) = Fy erij + F. k is a vector function

and continuous along C. If s denotes the arc length of C, then d—; t, unit tangent vector
to C at the point P. Then the component of F along the tangent is F. F The integral of

F. % along C' from A to B is given by

B B t t
L dr - 2~ dar 2 dzx dy dz

ds = F-dr= c—dt = F,— + F, F, dt.
/A g5l = /A ' /t dt /t [P Fugy + P

Circulation: If C is a simple closed curve (i.e., a curve which does not interest itself any-
where), then the tangent line integral of F' around C' is called the circulation of F' about C.
It is often denoted by

I‘:fﬁ-di":jé(Fmdx—i—Fydy—i-dez).
C C

Example. Evaluate fC F-dF, where ﬁ(x, y) = 22 i+y°j and C is the arc of the curve y = x?

in zy-plane from (0,0) to (1,1).
Solution: C is the curve y = 22 joining (0,0) to (1,1). The parametric form of the curve is
given by

=t y=t, where 0 < t < 1.

The line integral
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Example. If ﬁ(aj,y) = 3xyi — y?j, then evaluate fcﬁ - dr, where C' is the curve in the
zy-plane 22 + y? = 25 from (5,0) to (0, 5).

Solution: C is the line segment of the circle z? + y? = 25 joining (5,0) to (0,5). The
parametric form of the curve is given by

x =bcost, y=>5sint, where 0 <t

wm

The line integral
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Example. Evaluate / (x dy — ydz) around the circle 22 + y? = 1.
C

Solution: C is the circle 22 4+ y? = 1. The parametric form of the curve is given by

r =cost, y =sint, where 0 < ¢ < 2.

Therefore, the line integral
1 :/ (rdy — ydx)
C

2m
:/ (cost x cost +sint x sint) dt
0

2T
:/ dt = 2.
0

Example. Evaluate / F. dr, where ﬁ(az,y,z) = zyi+yzj + zx k and the given curve
C
7=ti+t>j +t3k, where t runs from —1 to 1.

Solution: C is the curve 7 =z +yj + 2 k where the parametric form of the curve is given

by
=t y=1t>, z =13, where —1 <t < 1.
Therefore, the line integral
I—/F dr— xyz+yzg+zxk d:cz—l—dyj—i-dzk)
= t32+t5 i+ 2t + 32 k) dt
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Example. Evaluate [ F - dF, where ﬁ(m, y) = (22 +y?) i — 2zy j, where C is the rectangle
C
in the zy-plane y =0, x =0, y = b, and = = a.

Solution:
/ﬁ-df: ﬁ-dFJr/ ﬁ-df+/ F.di+ | F-dr
C Cl CQ Cg , 04
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Along the curve C1: y = 0, and z varies from 0 to a.
Therefore, oA S (a9
a
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Along the curve Cs: = = a, and y varies from 0 to b. Yo

Therefore,
b
Iy :/ ((a®* +y*) i —2ayj) - (0i +dy )
0

b
:/ —2ay dy = —ab?.
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Along the curve C3: y = b, and x varies from a to 0. Therefore,
0 ~ ~ ~ A~
I —/ (2% +b%)i—2bxj) - (dzi+0})

0 o3
:/ (z® + %) dx = —3 = ab?.

Along the curve Cy: x = 0, and y varies from b to 0. Therefore,

0
13:/ (y2i+0j)~(0i+dyj)
b

=0.

Therefore, / F . dF = —2ab?.
C

Surface integral: Any integral which is evaluated over a surface S is called the surface

integral.
IS:/ ﬁ.ﬁdSZ//ﬁ-dg.
S S
Fon
P
\V
To evaluate the integral, first we ta Jecmon
d d
Is = // F-n Ty on xy-plane
s \n k|
dydz
= F-n S on yz-plane
S |7 -1

- dxd
://Fﬁ fc AZ on zz-plane
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Example. Evaluate // F - fds, where ﬁ(x,y, 2)=yzi+zx) +xy k, and S is the part of
S
surface of the sphere 22 + y% + 22 = 1 which lies in the first octant.

Solution: A vector normal to the surface S : 22 + 9% + 22 = 1 is given by V where
o(z,y,2) = 22 + 3% + 22 — 1. The normal vector to the surface i = V= Azi+yj+z k:)

N 9 2 A ]% . . .
po B _2eityitzk) a5
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Taking the projection of S into the zy-plane, then

- R N A A . ~ drd
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Example. Evaluate // F - fvds, where ﬁ(m,y, 2)=zi+x)—3y3z k, and § is the surface
S
of the cylinder z? + y? = 16 included in the first octant z = 0 and z = 5.

ion: _ _ _ 2(xity)) _
Solution: Let us take ¢(z,y,z) = 22 + y2 — 16, then V¢ = 2(zi + yJ) and 7 = W

xi+y5
T -

We take R as the projection of S in xz-plane. Then

dxd
/ F. nds—// zz—I—xj—?)yz xz+yj T4y
4 |n-|

// xz—l—:cy) where y = V16 — 22

Example. Evaluate // F - ds, where F(z,y, z)=yi+2xj—zk, and S is the surface of
S
the plane x 4+ y = 6 in the first octant cut by the plane z = 4.

-

Solution: Let us take ¢(x,y,2) = 2z +y — 6, then @ = V¢ = (20 + j) and 7 = 7(22 + 7).
Taking the projection on xz-plane,

dxdz
IS://F nds—// (2y + 2x)
V5 |- 3]
:/ / 22 +2(6 — 22)] dx d=
z2=0 Jx=0
—2/ / 6 —x)drdz
z=0 Jx=0

=2-4. [8—5]—108
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Volume integrals: Suppose V' is a volume bounded b surface S. Suppose f(z,y,z2) is a
scalar function defined on V. Then the volume integral of f(x,y, z) is denoted by

Iy = ///V F(a,y,2) do,

where dv = dxdydz. If f is a vector function, say f, then / / f - d¥ is an example of
1%

volume integral.

Example. Evaluate /// f(z,y,2)dv, where f(z,y,2) = 4522y and V is the volume of the
\%
closed region bounded by 4o +2y+2=8, =0, y =0, and z = 0.

Solution: The region V is the following:

z-varies in the range: 0 <2z <8 —4x — 2y,
y-varies in the range: 0 <y <4 — 2z,

x-varies in the range: 0 <z < 2.
2

Iy = /// f(z,y,2)dv =/

\% =

4—2x
4% / 22y(8 — 4z — 2y) dx dy
=0 Jy=0
% 2 2
5/ 3(4 —2x)%dr = 128.

=0

Example. Evaluate the volume integral /// f(z,y, z) dv, where f(x,y,z) = zyz and V is
\%
the volume of the region bounded by the sphere 2 + y% + 22 = 1 in the first octant.

Solution: The region V is the following:

z-varies in the range: 0 <z < y/1 —z 92,
y-varies in the range: 0 <y <1 — 22,

z-varies in the range: 0 <z <1.

1 1—x l—xz—y
Iy = // (x,y,z)dv :/ / / xyzdr dydz
1% z=0 Jy=0 z2=0



Gauss divergence theorem: Suppose V is the volume bounded by a closed piecewise
smooth surface S. Let f(x,y, z) be a vector function of position which is continuous and has
continuous first order partial derivative on V. Then,

///Vdivfds:/sf-ﬁds,

where 7 is the unit outward drawn normal to S.

Example. If f(x,y, 2) = axi+ by) + cz k, a,b,c are constant, then find the value of
/ f -nds, where S is the surface of unit sphere.
S

Solution: By divergence theorem,

//Sf-ﬁds:///divfdv
/// (a+b+c)dv=""(a+b+o)

Lecture 54

Green’s Theorem: Let R be a closed boun %%))n in xy-plane whose boundary C
consists of finitely many smooth curves Let be continuous functions of z and y
IN

having continuous partial der1vat1ve5 o= v, M 1. Then,

%s;dy = M de + N dy)

where the line integral being taken along the entire
boundary C of R such that R is on the left side as one
advances in the direction of integration. C

Example. Verify Green’s theorem in the plane for 7{ ((zwy + y?) dx + 2 dy), where C is the
(&

closed curve of the region bounded by y = 22 and y = z.

Solution: Given that M(z,y) = zy + y? and N(z,y) = 22. To verify Green’s theorem, we

need to show GN 8M
// —_—— d$dy:7{(Md$+Ndy).
C
oM

Gy =T+ 2y, %—g = 2x. The curve intersect at (0,0)
and (1,1). Therefore, the left hand side

N M
/ 8—8y dxdy = / / (x — 2y) dz dy
=0

1
:/Zzo(a: — %) dr = — 20




Right hand side implies

f (M dz + N dy) :7{ ((fcy+y2)dx+x2dy)
C C

:/ ((a:y+y2)d:c+x2dy)+/ ((zy + y*) dz + 2* dy).
Ch Co

Along C : 2% =y implies 22 dx = dy. Along Cy : x = y implies dz = dy.

1 1
f (M dz + N dy) :/ ((z* + a*) dz + 2% x 22 dx) +/ ((z* + 2?) dz + 2 dx)
c 0 0

1

1
4 3 2
= + 327 +32%) de = ——.
/O(x x z%) dz 5

Stoke’s Theorem: Let S be a piecewise smooth open surface bounded by a piecewise simple
closed curve C. Let F(x,y, z) be a continuous vector function which has continuous first order
partial derivatives in the region of space which contains S in its interior. Then

%ﬁ-d?z//ﬁxﬁ~ﬁds://curlﬁ-ﬁds,
C S S

where 7 is the outward unit normal on S.

Example. Find the value of ?{ 7 - dr, where C' is any closed curve bounding a surface S.
C

Solution: ]{F-df’:// (ﬁxf’)-ﬁds://ﬂ-w().
C S

Example. Verify Stoke’s theorem for ﬁ@, 2¥= (22 — y)i —y22j — %z k, where S is the

upper half surface of the sphere 22 + =1 and C is its boundary.

Solution: By Stoke’s theorem f F.dr= // curl F - fvds.
C S

The boundary C' of S is the circle in xzy-plane of radius unity and center at origin. Let
x =cost, y =sint, z =0, t € [0, 27].

y{ﬁ-df':jl{ [(Qxfy)%fyzQJA'nyzlﬂ . (dx%+dy§+dzl§:)
C C

:/C(2m—y)dx

2m
:/ (2cost —sint)(—sint) dt = .
0

i J k
Vi o 8 o 8 | — T
VxF= 5 o = =k
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Example. Verify Stokes theorem for F (z,y) = (22 +9?) i —2zy J taken around the rectangle
bounded by x = +a, y =0, y = b.

Solution:
/ﬁ-d?”://curlﬁ nds
C
/ / kds = —4ab®.

Example. By converting the surface integral into a volume integral, evaluate

// (23 dy dz + y° dz dx + 22 dz dy),
S

where S is the surface of 22 4+ 3% + 22 = 1.

Solution: By divergence theorem,

P 0F OF
//Fldydz—l—ngzdx—i—ngxdy /// 81 Z—i-%?’)dxdydz

Clearly, F(z,y,2z) = 3 i + 43 j + 23 k, then % w{% = 3y?, and % =322

3//L§~&+zz)dxdydz.

V is the closed unit sphere z2 + 32

. Consider the parametric form of the region by
x = 1 cos f cos ¢, y = rcos 0 sin ¢, z =rsinb,

where 0 <r <1,0<60 <7, and 0 < ¢ < 27. By the change of variable, we have

1 T 2w
I:3/ / / r2 . r2sin@dr df do
r=0J6=0 J $=0
1 T 2 12
:3/ r4dr/ sin 0 df do = =
r=0 0=0 $=0 )
Example. Evaluate

// (3 dy dz + 2y dz dx + 2° 2 dx dy),
S

where S is the closed surface bounded by the plane z = 0, z = b, and the circle 22 + 3% = a?.

Solution: Using Gauss divergence theorem, we have

Is :/// (322 + 22 + 2?) dx dy d=
VaZ—z? 5
—5/ / / 22 dx dy dz = Swa’b.
=—a Jy=—Va2—z2 J2=0 4



Example. Evaluate
// (2 dy dz + y* dz dx + 22(zy — x — y) dx dy),
S
where S is the surface of the cube 0 <2 <1, 0<y<1l,and 0 <2< 1.

Solution: Using Gauss divergence theorem, we have
= 1 1 1 1
//F'ﬁds:/ / / zydrdydz = —.
S =0 Jy=0 J z=0 2

Example. Evaluate [/, g F - ds over the entire surface of the region above xy-plane bounded
by the curve 22 = x? + y? and the plane z = 4 if ﬁ(z, y,2) = 4dxzi+ xyz?j + 32 k.

Solution: Using Gauss divergence theorem, we have

//ﬁ.ﬁds:///(4z+xz2+3)dxdydz
S %
4 z2—y
:/ / / (42 + 22 + 3) do dy d=
2z=0 —zJx= 22—y

4
—2/ / (4z +3)v/ 22 —y?dydz
z2=0Jy=—=z

4
:71'/ (42 + 3) 250 320.
z=0

Example. Evaluate by Green’s the (22 — coshy) dz + (y +sinz) dy|, where C is the
rectangle with vertices (0,0), (7, 0), (m)l), and (0,1).

Solution: With the comparison with Green’s theorem, we have

M = 2% — coshy, %—Aj = —sinhy,
N =y +sinz, %—g:cosx.

Therefore, by Green’s theorem

?{(de—k]\fdy // (@—8—]\4 ) dady
R Ay

™
= / (cosz + sinh y) dz dy
z=0 Jy=0

=m(cosh1 —1).





